Abstract-This paper presents a technique to reconstruct the shape of a flexible instrument in three-dimensional Euclidean space based on data from fiber Bragg gratings (FBGs) that are inscribed in multi-core fibers. Its main contributions are the application of several multi-core fibers with FBGs as shape sensor for medical instruments and a thorough presentation of the reconstruction technique. The data from the FBG sensors are first converted to strain measurements, which is then used to calculate the curvature and torsion of the fibers. The shape of the instrument is reconstructed using Frenet-Serret equations in conjunction with the calculated curvature and torsion of the instrument. The reconstruction technique is validated with a catheter sensorized with four multi-core fibers that have FBG sensors. The catheter is placed in eight different configurations and the reconstruction is compared to the ground truth. The maximum reconstruction error among all the configurations is found to be 1.05 mm. The results show that shape sensing for flexible medical instruments is feasible with FBG sensors in multi-core fibers.
. Multi-core optical fibers can be placed in numerous flexible medical instruments due to their small size, flexibility, light weight, immunity to electromagnetic interference and compatibility with medical imaging modalities. feedback is very subjective, the catheter can be invisible in ultrasound images and the patient is exposed to harmful radiation in fluoroscopy [3] , [4] . An alternative to these methods is to use optical sensors in the catheter for its spatial information.
Optical sensors can be used in numerous medical instruments such as endoscopes and catheters as illustrated in Figure 1 . They are well suited for the medical environment, since they are small in size, flexible, lightweight, immune to electromagnetic interference and compatible with medical imaging modalities [5] . Thus, they have been utilized in numerous studies to provide feedback from medical instruments. They have been used to monitor muscle fatigue, cardiac activities and body temperature [6] [7] [8] . In addition, they have been applied in cardiovascular diagnosis, artery pressure detection, artery detection, intra-aortic balloon pumping, prostatic implants, and urology [1] , [9] . There are also many patents on medical instruments that use these sensors [10] [11] [12] [13] . Particularly, FBG sensors are used as force sensors to recognize the interface between different tissues in order to aid in accurately placing a catheter in the epidural space [14] . They have also been used to display the shape of a colonoscope and the shape of a needle in real-time [2] , [15] . Moreover, FBG sensors have been applied to many different shape sensing applications. They have been used for 3D shape recognition of solid objects, shape recognition of flexible morphine wing and curvature detection of a continuum manipulator [16] [17] [18] .
The studies presented thus far use FBG sensors in single core fiber however FBG sensors can also be present in multi-core fiber. FBGs in multi-core fiber have been shown to work as curvature sensor and 3D shape sensor [19] [20] [21] [22] [23] [24] [25] . Multi-core fibers are more expensive than single core fibers, whereas the cross sectional area of the shape sensor with multi-core fibers is smaller than the shape sensor with single core fibers. For certain instruments, such as the one used in this study, multicore fibers have to be utilized due to the limited space. Moreover, in multi-core fibers the cores are mechanically coupled, the relative distance between the cores remain constant and the cores experience identical temperature. These properties make multi-core fibers more advantageous than single core fiber. Therefore, in this study, Fiber Bragg Grating (FBG) sensors written on multi-core optical fibers are used as shape sensors for flexible instruments.
This study is unique for its application of several multi-core fibers with FBGs as a shape sensor for a catheter. More specifically, four multi-core fibers are used although a single multi-core fiber with 3 or more cores that have FBG sensors is sufficient for reconstructing the shape of a flexible instrument. Redundant number of multi-core fibers increases the reliability of the sensing system against individual FBG sensor failure. A technique is presented in this article to reconstruct the catheter's center curve based on measurements from the FBG sensors on the four multi-core fibers. The technique is experimentally validated using Plexiglas plates and 3D printed rig which serve as ground truth. The theoretical framework utilized in the study is presented in Section II. This is followed by the description of the experimental setup and the corresponding shape reconstruction results in Section III. Finally, the conclusion is provided in Section IV.
II. THEORETICAL FRAMEWORK
This section presents the theoretical framework utilized to reconstruct the shape of a catheter sensorized by four fibers inscribed with FBG sensors. The shape of the catheter is characterized by its center curve that is described in Section II-C. The proposed reconstruction technique consists of the following four steps. First, the strain on each fiber is calculated using the measurements obtained from the FBG sensors, as presented in Section II-A. Next, the curvature and the torsion of each fiber is calculated using those strains, Section II-B. Then, the curvature and torsion of the catheter's center curve is determined based on the four fibers' curvature and torsion, Section II-C. Lastly, the catheter's center curve is determined using the calculated curvature and torsion in conjunction with the Frenet-Serret equations in Section II-C.
A. Strain Calculation Based on FBG Sensors
The strain on an individual fiber can be calculated at discretized locations where the FBG sensors are present. An FBG is a periodic or quasi-periodic modulation of the refractive index of the fiber core. This perturbation causes light to be coupled from the incident core mode to the core mode propagated in the opposite direction [26] . Thus, part of the light spectrum is reflected back and the wavelength at which Fig. 2 . A fiber Bragg grating (FBG) sensor reflects back a certain range of wavelength, λ ∈ R >0 for a given input and transmits the rest. The Bragg wavelength λ B ∈ R >0 is the wavelength at which the power P ∈ R ≥0 of the reflected spectrum is the highest.
the reflection is the highest is called the Bragg wavelength, λ B ∈ R >0 . Figure 2 illustrates an FBG sensor and its working principle.
If the FBG sensor experiences strain or change in temperature, then the Bragg wavelength, λ B , is shifted. The Bragg wavelength is related to the applied strain and temperature as follows [27] :
where S ∈ R is the gauge factor and ∈ R is the temperature sensitivity. The differentials dλ, d and dT are of the wavelength, strain and temperature, respectively. Integrating (1) results in:
where ∈ R is the strain, T ∈ R is the temperature and λ B0 ∈ R >0 is the reference Bragg wavelength at the reference strain 0 ∈ R and reference temperature T 0 ∈ R. The change in strain and temperature are related to the FBG sensor measurements by (2) . This relation can be used to obtain the strain when the temperature remains constant i.e. T = T 0 and the reference strain ( 0 ) along with the reference Bragg wavelength (λ B0 ) are known.
B. Shape Reconstruction for a Single Multi-Core Fiber
The shape of a fiber is reconstructed using the curvature and torsion parameters which can be calculated from the strains on the fiber [28] . The fibers used in this study have four cores with multiple sets of FBG sensors. A section of the fiber in pure bending and a set of FBG sensors are shown in Figure 3 . A set consists for four FBG sensors that are co-located and have the same reference wavelength. The sensor sets are distributed along the length of the fiber, L ∈ R >0 . The location of the sets on the fiber and other associated quantities such as strains are parametrized using the arc length parameter, s ∈ R defined in the interval ⊂ R with = (0, L). The arc length is defined for the neutral axis of the fiber. The relation between the strain i on an FBG sensor in core i and the curvature κ is based on mechanics of a bending beam presented in Chapter 6.3 of [28] . The relation is given as: where i : → R is the strain, κ : → R is the curvature and i ∈ {a, b, c, d} is the index of the four cores. Further, y i : → R is the orthogonal distance between the neutral surface and the FBG sensor on core i , r i ∈ R >0 is the radial distance from the center of the fiber cross-section to the FBG sensor on core i and θ i :
→ (−π, π] is the angle between the curvature direction vector α : → R 3 and r i (see Figure 3) . The curvature direction α(s) in this study is a unit vector that lies on the plane of a fiber cross section. Further, it is orthogonal to the neutral surface and it points towards the compressed region of the cross section.
The measurement i m : → R from the FBG sensor in core i includes the effects of both the change in strain and temperature experienced by the FBG sensor. According to (2) 
where the subscript m denotes a measurement. Substituting (3) in (4) results in
In the following derivations, it is assumed that the term (5) is the same for all the four cores due to the close proximity of the cores. For the ease of the following derivations, the term i (T (s) − T 0 (s)) is represented by a new variable t (s). In addition, by selecting the reference strain to be zero the following equations apply to the measurements from the sensors in the four cores:
where θ ab = π 2 , θ ac = π and θ ad = 3π 2 for the multi-core fiber used in this study. The relations given by (6)- (9) can be represented in matrix form as follows:
. ( 
where M † is the Moore-Penrose pseudo-inverse of M. Using the relation (11), the curvature κ(s), the torsion τ (s) with τ : → R and the angle θ a (s) can be obtained as follows:
In (12), the positive solution is selected for the curvature because the Frenet-Serret formulation assumes κ > 0. The sign of the curvature determines the direction of bending in a planar curve, however for 3D curves the torsion is used for the bending direction. The derivative operator introduced for the torsion parameter τ (s) in (14) can be numerically approximated as follows:
where s is the difference in the arc length between the two consecutive FBG sensor sets. Consequently, the curvature and torsion for a single fiber can be found using (12) and (14) at the locations where the FBG sensor sets are present.
C. Center Curve Reconstruction for a Catheter
The curvature (12) and torsion (14) derived for an individual fiber in the previous section are used to obtain the curvature and torsion of the center curve of the catheter shown in Figure 4 . In the following derivation, it is assumed that the center curve is represented as a unit speed space curve that is smooth and has a non-zero curvature along its arc length [29] . This curve can be reconstructed with the knowledge of its own curvature κ : → R and torsion τ : → R parameters using the Frenet-Serret equations as follows:
where γ : → R 3 is the position vector, T : → R 3 , N : → R 3 and B : → R 3 are the tangent, the normal and the bi-normal orthogonal vectors, respectively. The relations (16)- (19) can be rewritten in matrix form as follows:
where the pose X(s) : → S E(3) and the twist A(s) : → se(3) are given by: [30] . Further, 0 3 is a three dimensional vector of zeros. The aforementioned frame is illustrated at three different locations on the center curve of the catheter in Figure 4a . In order to reconstruct the center curve described by the position vector γ (s), the relation (20) should be solved. The solution to (20) can be obtained assuming that A(s) is held constant between two consecutive discretized locations on the center curve. Thus, Equation 20 can be discretized as:
In (21), R(s) = T(s) N(s) B(s) with R : → SO(3) describes the orthonormal frame in terms of the vectors T(s), N(s), and B(s)
Consequently, the position vector γ (s) can be extracted from the last column of the solution given by (23) . The center curve of the catheter described by the vector γ (s) and the shape of each individual fiber described by β j : → R 3 (see Figure 4b ) are related as follows: (24) where j ∈ {1, 2, 3, 4} is the index of the fiber. Further, d j ∈ R >0 is the distance from the center of the catheter to the j th fiber's center and φ j is the angle between the x axis and the vector from the center of the catheter to the center of the j th fiber (see Figure 4b) [29] . For a given small d j in (24) , β j (s) ≈ γ (s) holds. Consequently, the curvature and torsion calculated for the fibers can be used for the reconstruction of the center curve of the catheter.
The theoretical framework described throughout the Section II can be implemented using the Algorithms 1, 2 and 3, respectively. The following algorithms are described for the case of 6 FBG sensor sets and 118 interpolation points. However, they can be generalized to arbitrary numbers of FBG sensor sets and interpolation points. 
III. EXPERIMENTS
The reconstruction technique presented in Section II is validated with experimental setup that is described in Section III-A and the results are given in Section III-B.
A. Experimental Setup
The hardware used in the experiments is shown in Figure 5 . The catheter is 2.5 mm in diameter and has 4 segments that are interlocked and the segments can slide relative to each other [32] . Every segment has a channel, thus four multi-core fibers can be placed in the catheter. The fibers have four cores that are straight and in a cross sectional view of the fiber the cores fall on the corners of a 36 μm wide square. There are 6 sets of 10 mm long FBG sensors that are equally spaced over a distance of 118 mm on every fiber. A set consists of 4 FBG sensors, one on each core, with the same reference Bragg wavelength. The sets are inscribed using continuous wave frequency-doubled Argon-ion laser and a phase mask technique. The FBG sensors are simultaneously inscribed in all the cores, as a result the FBG sensors in all cores Algorithm 2 The GetShape Function in Algorithm 1. Input λ is 4 × 6 matrix, each column is the data from one FBG set on the fiber. Output κ and τ are 1 × 6 vectors, the i th element is the curvature and torsion value at the i th FBG set location on the fiber. The value r a = r b = r c = r d = 25.46 μm, this is from the manufacture's datasheet for the fiber. The strain gauge factor S a = S b = S c = S d = 0.777 that is the default value from the interrogator's user manual [31] Input: λ Output: κ, τ getShape: 1: for j = 1 to 6 do 2: for i = 1 to 4 do 3:
Algorithm 3
The Reconstruct function in Algorithm 1. The inputs κ, τ , l are 1×118 vectors. κ and τ contain the curvature and torsion of the catheter's center curve at the arclength given in l, respectively. X 0 is a 4 × 4 matrix that holds the initial value of the catheter's center curve Input: κ, τ , l, X 0 Output: ρ reconstruct: 1: X(1) ← X 0 2: ρ ← the fourth column of X(1) 3: for i = 1 to 118 do (23) 11: ρ(i + δ) ← the fourth column of X(i + δ) 12: end for 13 : return ρ are co-located and have the same wavelength. The reference Bragg wavelength of the FBG sensors is unique for every set. The data from the FBG sensors of one set is required for the curvature and torsion calculations. Thus, every fiber has 6locations where the curvature and torsion can be calculated. The fan-out box holds four fan-outs, each fan-out connects the 4 cores of a multi-core fiber to four single core fibers. The 16 outputs from the fan-out box are merged to 4 outputs using four 1 × 4 optical couplers in order to measure them using the channels of the interrogator. Lastly, the interrogator is the device which provides the light source and measures the reflected light from the FBGs in the fibers. The catheter is designed by the Mechatronics In Medicine Lab (London, United Kingdom) and produced by Xograph (Stonehouse, United Kingdom). The FBG sensors are inscribed on the multi-core fiber in the iTeam lab (Valencia, Spain). The multi-core fibers and the fan-outs are from Fibercore (Southampton Science Park, United Kingdom) and the product number is FAN-4C and SM-4C1500, respectively. The optical couplers are from Newport Corporation (California, USA) with the product number F-CPL-B14350-FCAPC. The model of the interrogator is FBG-scan 840D from FBGS International NV (Geel, Belgium). IS FROM (27) The catheter is sensorized by inserting four multi-core fibers into the channels of the catheter's segments and fixing the fibers at the base of the catheter. The experiments to validate the reconstruction procedure consists of placing the sensorized catheter in known configurations and observing the error between the known configuration and the reconstructed catheter shape. The values of curvature and torsion in the configurations were selected such that they are similar to the values expected in future in-vitro and ex-vivo studies. Past experiments with similar catheters show that it can take on curvatures in the range of 0.002 mm −1 to 0.02 mm −1 ; thus, the curvature values within that range are selected for the configurations. The catheter is expected to have minimal torsion as a result small torsion values are used in this study [33] . Table I gives the description of the eight configurations used for validating the reconstruction procedure and the Computer Aided Design (CAD) of configurations C1 and C7 are illustrated in Figure 6 .
B. Shape Reconstruction Results
The sensorized catheter is placed in all of the configurations described in Table I . For every configuration the data from the interrogator is collected and the catheter's center curve is reconstructed offline in MATLAB according to Algorithm 1. The reconstruction of the fiber and the catheter is compared to the ground truth via absolute error r e ∈ R ≥0 , normalized error r en ∈ R ≥0 and mean error r em ∈ R ≥0 which is calculated as follows:
where, k ∈ Z ≥0 representing the 118 points along the arc length at which the error calculation is conducted, r gt ∈ R 3 is the ground truth curve and γ is the reconstruction based on proposed technique from Section II. The reconstruction and the error r e in reconstruction over the arc length for the catheter is shown in Figure 7 and the maximum error measures r e = max(r e ) and r en = max(r en ) in conjunction with the mean error for catheter is given in Table II . The reconstruction error r e as defined in (25) is shown in Figure 7b and 7d. The error increases with the arc length because the reconstruction is conducted by numerical integration thus the error accumulates. However, the maximum absolute error and maximum mean error in the 8 configurations is 1.05 mm and 0.44 mm, respectively. This error can be due to the difference between the catheter center curve and the configuration curve caused by placement inaccuracies during the experiments. It could also be due to misalignment in the longitudinal axis of the FBGs in the four fibers due to misplacement of the fibers in the catheter. Lastly, since the fibers were not fixed along the length of the catheter the twist experienced by the catheter may not be transferred completely to the fibers.
IV. CONCLUSIONS
A shape reconstruction technique which uses redundant number of multi-core fibers with FBG sensors as shape sensor for flexible medical instruments is proposed in this work. The technique is validated on a multi-segment catheter where each segment contains a multi-core fiber with FBG sensors inscribed on it. The presence of several multi-core fibers increases the reliability of the shape sensing system against sensor failure. The proposed technique is experimentally validated for 8 different configurations where a maximum reconstruction error of 1.05 mm is observed. Further, it can be deduced that shape sensing using several multi-core fibers for flexible medical instruments is feasible.
